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1. INTRODUCTION 
Let (X, a, m) be a o-finite measure space and @ the group of all, 
l-l, measurable, and nonsingular transformations defined on it. The 
subset G of @ of all ergodic transformations splits into three mutually! 
disjoint sets: Sz, = all TED which accept a finite invariant measure 
equivalent with m, L& = all T E Sz which accept a u-finite, infinite 
invariant measure equivalent with m, and Sz,,, = all T E 9 which accept 
no a-finite invariant measure equivalent with m. If T E 9,, and p is the 
invariant measure under T and equivalent with m, then we show in 
Lemma 2 that any commutator Q E @ of T satisfies p(QB) = C&B) 
for some positive constant ~11 and all B E a. In [2] an example of a T E QIl 
was constructed with the property that for any commutator Q E 0 of T 
the constant 01 =; 1. Let us denote by J$, the set of all T E a,, with the 
property that any commutator Q E @ of T must necessarily preserve 
the same measure p that is invariant under T. We show in Theorem 2 
that J$r = Sz,, - G’;2;, is not empty. 
It was not until 1960 that D. Ornstein [5] showed that Q,,, is not 
empty by constructing an example. Since then a few other examples 
have been constructed; see L. Arnold [l]. In Theorem 1 of this paper 
we exhibit a new method of constructing transformations R E @ that 
belong to GiIII . Our method is rather general, and unlike the previous, 
examples constructed up to now, we show how to obtain a transformation’ 
R E Sz,,, in a systematic way from a pair of transformations; specifically,. 
from an ergodic measure-preserving transformation T E @, and a 
dissipative transformation Q E @ that does not preserve the same 
measure m, and such that T maps the Q orbit of x onto the Q orbit of TX 
for all x E X. Theorem 2, however, which insures that this method 
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described in Theorem 1 is nonvacuous, relies heavily on the example 
constructed by L. Arnold [I]. 
2. THE INTERACTION OF ERGODIC AND DISSIPATIVE TRANSFORMATIONS 
We consider a nonatomic measure space (X, .9?, m), and require the 
measure m to be u-finite in case m(X) = 00. A measure TV defined on the 
measurable space (X, 99) is equivalent with m if m(B) = 0 if and only if 
p(B) = 0. A l-l transformation T from X onto X is measurable if B E B 
if and only if TB E 98, and T is nonsingular if m(B) = 0 if and only if 
m( TB) = 0. We denote by @ the group of all l-l, measurable, and 
nonsingular transformations defined on the measure space (X, B, m). 
A transformation T E @ is ergodic if TB = B implies m(B) = 0 or 
m(X - B) = 0; T is measure preserving if m(B) = m( TB) for all B E a’, 
we also say that the measure m is invariaht under T in this case. Q E Q, 
is a commutator of T E @ if QT = TQ. In the sequel all sets mentioned 
will be assumed to be measurable, and we shall write A = B in case 
A and B are two measurable sets whose symmetric difference is a set of 
measure zero. We denote by Z the set of all integers n with 
-CO < n < 00, and by N the set of all positive integers n > 0. A 
subset Y C X is a wandering set for a transformation Q E @ if the sets 
{PY / n E Z> are mutually disjoint; and Q E @ is a dissipative trans- 
formation if X = UnEZ Q”Y (disj), where Y is a wandering set for Q. 
We use the following well-known lemma frequently in what follows, 
and we state it without proof. The proof follows essentially from the 
definitions. 
LEMMA 1. Let T E @ be an ergodic measure-preserving transformation, 
and let p be a cr-jinite measure invariant under T and equivalent with m; 
then TV = am for some positive constant a. 
For S, T E @ we say that S is a Q image of T if there exists a trans- 
formation Q E @ such that S = QTQ-I. 
For LY > 0 we let 
@, = {Q E Q, 1 m(QB) = am(B) for all B E g}, 
and for T E C#J we let 
I,(T) = {S E @ 1 S is a Q image of T for some Q E (p,}. 
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We note that if S EI,( T) for some 01 > 0 then T is ergodic or measure 
preserving if and only if S is ergodic or measure preserving, respectively. 
LEMMA 2. Let S, T E @ be two ergodic measure-preserving trans- 
formations, and let S be a Q image of T for some Q E Cp; then Q E CD, for 
some 01 > 0. 
Proof. Let S = QTQ-1, and let p(B) = m(QB) for all B E 9. Then 
p(TB) = m(QTB) = m(SQB) = m(QB) = p(B). 
Since p is equivalent with m, and p is invariant under T, by Lemma 1 
we get p = arm for some positive CII > 0, and this completes the proof! 
of the lemma. 
LEMMA 3. If Q E @, f or some positive 01 # 1, then Q is a dissipative: 
transformation. 
Proof. We may assume 01 < 1, otherwise we replace Q by Q-i. 
For any set B E 98 with 0 < m(B) < co and n E N we let 
B,={x~BIpx~BanclQ~x+B, 1 <i<n}. 
It follows that 
B 1 u B, (disj) and B 3 u QnB, (disj). (2.l)i 
nEN TEN 
If we let 
WI = B - u PB, = {x E B / Q-% q! B for all i E IV}, 
lzGN 
(2.2) 
then from (2.1) and the fact that 01 < 1 we have 
m(W,) = m(B) - f m(pB,J = m(B) - 2 ol”m(B,) > 0. 
n=1 12=1 
We conclude from (2.2) that 
QiW, nQiWl = @ for i#j, i,jEZ. 
Next we let 
WI* = u PW, (disj). 
nsz 
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In case m(X - IV,*) > 0 then repeating the above argument we 
obtain a set IV, C X - IV,* such that 
m(W,) > 0 and W,* = u PW, (disj). 
nez 
It follows that the set IV, u IV, is again a wandering set for Q. 
We continue in this manner by transfinite induction if necessary, 
and finally obtain at most a countable number of sets IV, , IV, ,... such 
that 
X = u PW (disj), where w= (j w,. 
7EZ ntN 
This completes the proof of the Lemma. 
In [2] an example of an ergodic measure-preserving transformation T 
was constructed on the Lebesgue measure space (X, 59, m) of the real 
line with m(X) = 00, and among other properties of T it was shown 
that T accepts only measure-preserving commutators; i.e., because of 
Lemma 2, T $ I,,(T) f or any y # 1, or equivalently, I=(T) n IB( T) = o 
for any 01 f /3. In what follows we are interested in the case when an 
ergodic measure-preserving transformation T E @ accepts a commutator 
Q E @ which is not measure preserving; i.e., T E I,( T) for some y # 1. 
In other words, we consider an ergodic measure-preserving trans- 
formation T E @ which satisfies. 
CONDITION I. There exists a transformation Q E @, m is not invariant 
under Q, and QT = TQ. 
For any transformation Q E @ and any point x E X we denote the 
Q orbit of x by Orbo(x) = {Q% 1 n E Z}. 
It is clear, using Lemmas 2 and 3, that an ergodic measure-preserving 
transformation T E @ which satisfies Condition I also satisfies 
CONDITION II. There exists a dissipative transformation Q E @, m 
not invariant under Q, and for all x E X T maps Orbo(x) onto Orbo(Z’x). 
We note that in the terminology of W. Krieger [4] Condition II says 
in effect that there exists a dissipative transformation Q E @, Q not 
measure preserving, and Q is weakly equivalent to itself, where the 
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equivalence is given by an ergodic measure-preserving transformation 
TE@. 
In Section 3 we show by an example that there exists an ergodic 
measure-preserving transformation T E @ which satisfies Condition I 
and therefore satisfies Condition II also. It is not clear whether an 
ergodic measure-preserving transformation T E @ which satisfies 
Condition II also satisfies Condition I. However, the existence of an 
ergodic measure-preserving transformation T E @ which satisfies the 
weaker Condition II is sufficient for the construction of a transformation 
R, as described below, for which there does not exist any invariant 
measure p equivalent with m. 
For the purpose of Theorem 1 below we let T E @ be an ergodic 
measure-preserving transformation and Q E @ be a dissipative trans- 
formation such that T maps Orbo(x) onto Orbo(Tx) for all x E X. Then 
X = UneZ PY (disj), and we note that for all x E X the point 
x’ = Orb,(x) n Y is uniquely defined. We next consider the measure 
space (K a~ , m), where Y is the wandering set under Q given above, 
9q={BCYIBE~}, and m is the restriction on the measurable 
space (Y, 99r) of the measure m defined on (X, g). Finally, we define 
the transformation R on Y as follows: 
Ry = (Ty)’ = Orbo(Ty) n Y for y E Y. 
THEOREM 1. Let T E CD be an ergodic measure-preserving transformationi 
and Q E @ a dissipative transformation such that T maps Orb,(x) onto 
Orbo( TX) for all x E X. Then the transformation R as defined above on 
the measure space (Y, ~23~ , m) is a l-l, ergodic, nonsingular, and measurable. 
transformation. Furthermore, R does not preserve any o-finite measure p 
equivalent with m if and only if m is not an invariant measure under Q. 
Proof. We only show that R is ergodic, and in case m is not ani 
invariant measure for Q then there does not exist any invariant 
measure p for R equivalent with m; the rest is clear. 
Let B E gi, with RB = B, and let B* = (JncZQnB. From the 
definition of R and the fact that T maps the Q orbit of every x E X onto 
the Q orbit of TX it is clear that TB * = B*. The ergodicity of T implies, 
that m(B*) = 0 or m(X - B*) = 0, which implies that m(B) = 0 ofi 
m( Y - B) = 0. This shows that R is ergodic. 
We now suppose that m is not invariant under Q and assume that there 
exists a measure p defined on (Y, Br) which is invariant under R and is 
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equivalent with m. We extend the measure p defined on (Y, ~%r) to the 
measurable space (X, ,g), denote it by the same letter p, and define it 
as follows: For any set B E &J and B C QY for some n E Z, we let 
/A(B) = p(Q-nB). Th e nonsingularity of Q implies p is equivalent with 
m on (X, B), and from the definition of p on (X, g) it follows that 
p(QB) = p(B) for all I3 E ,!%. 
We next show that p is an invariant measure under T. Let B E -2, 
and for i, j, k E Z we let 
Bi,j,k = B npYn T-lQjYnpT-lQkY. (2.3) 
Clearly (2.3) implies 
Bi,j,,c C QiK (2.4) 
TBi,j,k C Q’Y, (2.5) 
and 
TQ-iBi,j,k C QkY. (2.6) 
Since, for all x E X, T maps the Q orbit of x onto the Q orbit of TX, 
and for any z E Orbo(x) there exists a unique integer p such that 
Qpz E Y, from (2.5) and (2.6) we have 
Q-jTBi,j,k = Q-kTQ-iBi,j,k C Y. (2.7) 
From (2.4), (2.7), the definition of R, and the fact that the measure p is 
invariant under both R and Q we get 
tL( TBi,j,k) = P(Q-‘TBi,j,k) = dQekTQpiBi,j,k) 
= P(WiB,,j,k) = P(QpiBi,,,k) = P(Bi,j,k). 
We note further that the set B E .B can be expressed as 
cw 
B = u Bi,j,k (disj). 
i,j.keZ 
From (2.8) and (2.9) we conclude that the measure p defined on (X, g) 
1s invariant under T. Lemma 1 then implies that there exists a constant 
II > 0 such that 
~(4 = am(B) for all B~ii?; (2.10) 
)ut m not invariant under Q implies 
m(QB) + m(B) for some B E 23. (2.11) 
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Combining (2.10) and (2.11) and using the fact that p is invariant 
under Q we get 
P(B) = PW) = c4P) + am(B) = /-@) for some 23 E SZ. 
This is a contradiction and completes the proof of the theorem. 
3. EXAMPLES 
In this section we shall construct several interrelated transformations. 
For this purpose we break down our discussion into several steps. 
1. The Measure Space (Y, gy , m) and Its Properties 
Let 01 be a positive number, and let /3 = a/(1 + a). We consider the. 
one-sided infinite direct product measure space 
(Y,%,m)= &Y,,%,m,), 
i=l 
where Yi = (0, l}, S9i = all subsets of Yi , with q(O) = /3 and 
WZi(l) = 1 - p f or all i E N. Furthermore, we remove from Y the 
countable set 
N=(~EYI~=(E~,E~,... ), where ei = 0 for all i > n and some/ 
n E N, or ei = 1 for all i > n and some n E IV>, 
and still denote the resulting measure space by the same letters 
(Y, BY 3 m). 
For y = (q , l 2 ,... ) E Y and n E N we define the n segment of y to be 
i,(y) = (Q ,..., en); we also define 
J(y) = in E N I G+dy) = (9 ,..., en , 1, OH. 
It is clear then that 
J(y) contains infinitely many integers for all y  E Y, 
and using Birkhoff’s ergodic theorem, we have 
(3.1: 
for almost all y  = (q , Ed ,...) E Y. (3.2: 
INVARIANT MEASURES AND DISSIPATIVE TRANSFORMATIONS 59 
It is possible to give a somewhat different representation of (Y, Bi, , m); 
namely, we let (Y’, B’, m’) be the following measure space: 
where 
where sk = <I + *.. + clc-r and ci = 0 or 1 for 1 < i < K < n < cc 
VA’ is the u-field of all Lebesgue measurable subsets of Y’, and m’ is the 
ordinary Lebesgue measure defined on 8 with m’( Y’) = 1. 
It follows then that the measure space (Y, 9#y , m) is isomorphic to 
the measure space (Y’, a’, m’) given by the isomorphism 
e(E 1 , %2 ,...) = Cl/3 + f qp (J$q, 
k=2 
where sit = pi + a** + eke-l for K > 2 and y = (q , f2 ,...) E Y. 
II. Construction of the Transformation R on the Measure Space (Y, .%7’y , m) 
Let y = (Q, ~a ,... ) E Y. Let K be the smallest positive integer such 
that Ed = 0; i.e., 
y = (l)...) 1, 0, Ek+l )... ). 
k-1 times 
We define 
Ry = (0 ,..., 0, 1, Ek,+l )... ). 
k-1 times 
For each n E Z and y E Y let us denote by 
%(Y) = whlW(Y)~ (3.4) 
:he Radon-Nikodym derivative of the measure m, with respect to m, 
#here m, is defined by m,(B) = m(RnB) for all B E S?y . 
Let us call an n-tuple (Q ,..., 7%) an n block if 7% = 0 or 1 for 
‘=I ,..*, n. It is easy to show that for each y = (pi, Ed ,...) E Y and for 
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each n E J(y) the transformation R defined on (Y, gr , m) satisfies the 
following properties: 
each of the possible 2” distinct n blocks (vi ,..., 7,) will appear as an 
n segment i,(Rjy) for some j with 1 < j < 2”; (3.5) 
and 
if i,(y) = (pi ,..., c,) and i,(Rjy) = (q ,..., 7,) for some j with 
1 < j < 2”, then wj(y) = &n,j), where ~(n,j> = C;1=, (c, - ~3. (3.6) 
From (3.6) and the definition of R we also conclude 
WI(Y) = ak:, where the only possible values of k = k(y) are 
-l,O, 1,2 ,... . (3.7) 
Finally we observe that the transformation R defined on (Y, 9#r , m’j 
is isomorphic to the transformation R’ defined on (Y’, a’, m’), where for 
y’ E Y’ 
if y’ E (0, /I) n Y’ 
R’y’ = 
(yk-ly' + fik+l _ 8” + ,i$"-1 - &l 
I 
k-l 
if y’ E 1 (I - p)j, i (1 - n Y’ 
j=O j=o 
In fact the isomorphism 13 defined in (3.3) also gives the isomorphism 
between R and R’. See also L. Arnold [l]. 
III. The Measure Space (X, SY’, m) and the Transformations Q and T 
We construct the measure space (X, g, m) as follows: X = unEZ (Y, n), 
where(Y,n)=((y,n)lyEY)f or n E Z. g is the u field generated by 
all sets of the form (B, n) = (3 E X 1 x = ( y, n), y E B] for n E Z and 
BEgiy. We extend the measure m defined on the measurable spaca 
(Y, ~8~) to the measurable space (X, 9), denote it by the same letter m 
and define it by 
m(B, n) = cPm(B) for (B, n) C (Y, n) and n E h. (3.8: 
Next we define the transformation Q on (X, g, m) by 
Q(Y, 4 = (24 n + 1). 
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It is clear then that Q is a dissipative transformation defined on 
(X, a’, m) with 
X = u Q”(Y, 0) (disj), 
ntz 
and 
m(QB) = am(B) for all B E G?. 
Finally we define the transformation T on (X, 9, m) by 
qy, n) = (RY, n - k), (3.9) 
where k = k(y) is determined by (3.7). 
It is easy to see that T is a l-l, measurable, and nonsingular trans- 
formation defined on (X, a, m) such that TQ = QT. Furthermore, 
for all j E E we have 
Tj(y, n) = (Rjy, n - s), (3.10) 
where eoj( y) = 018. 
To show that T is also measure preserving, let B E ,B, and for n E H 
and k = - 1, 0, I, 2 ,... we let 
B n,k = b E B ( x = (y, n) and w,(y) = a”}. 
Now suppose 
B n,k = cc, n, with cc Y, 
then from (3.4), (3.8), (3.9), (3.11), and (3.12) we get 
(3.11) 
(3.12) 
m(TBnsk) = m(RC, n - k) = ct”-“m(RC) 
=oL +k’cukm(C) = a”m(C) = m(B,,,). 
We note further that the set B E g can be expressed as 
(3.13) 
B = u u B,,, (disj). 
nezP>-1 
(3.14) 
We conclude from (3.13) and (3.14) that m is invariant under T. 
We shall show later that T is an ergodic transformation defined on 
(X, g, m). 
IV. The Induced Transformation S on (Y, 218, , m) 
From (3. IO) we note that for all y E Y and n, k, p E Z 
7-x = TP(y, n) E (Y, k) + w,(y) = (yn-k. (3.15) 
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Now suppose y = (q , Ed ,...) E Y. Using (3.1) we may assume that 
for any n, k E Z 
for some positive integer q = q( y, n, k) E J(y). Using (3.5) then we can 
find an integer p with 1 < p < 29 such that if RP( y) = (vr, Q ,...) 
then ~~=, (Q - qi) = n - k. F or this choice of p we have by (3.6) 
w 2, = g-k. (3.16) 
Combining (3.15) and (3.16) we get 
for all x E X and all k E Z there exists a positive integer p such that 
T*x E (Y, k). (3.17) 
Therefore, T induces the transformation S from Y = (Y, 0) onto 
itself defined by 
Sy = T”y, 
where 
n = n(y) = min{p E N 1 TP( y, 0) E (Y, 0)). 
It follows that S is a l-1 measure-preserving transformation defined 
on the measure space (Y, 5?r , m); see [3]. 
From (3.10) we also conclude that 
n(y) = min{p E N I T”(y, 0) E (Y, 0)} = min{p E N 1 w,(y) = l> 
and 
fj'y = R”Wy for all y  E Y. 
In view of (3.6) we also have the following: 
Let y  = (Q , Ed ,...) E Y and n E J(y), then for every k with 
1 < k < (;), where s = C;C1 ci , there exists a unique j = j(k, y) i 
with 1 < j < 2”, such that Sky = Riy = (Q , Q ,...), where 
CT& rli = C;=l ci ; in particular, if k = (3, then j = 2”. (3.18: 
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Let us call a subset I C Y a basic interval if (al ,..., a,) is an n block 
and 
It follows that 
I = {y E Ii I i,(y) = (a, ,...) a,)]. 
where s = CF=, ai . 
m(l) = p+“(l - py, (3.19) 
It is easy to ,qe that the collection 9 of all finite disjoint unions of 
basic intervals of Y is dense in the o-field .gr in the following sense: 
For every B E B’v and for any 6 > 0 there exists a set E E 9 with 
m(EdB) <s. 
V. S is an Ergodic Transformation Defined on (Y, .A?, , m) 
To show that S is ergodic is the crucial part of our construction. 
For that purpose we first show the following: 
LEMMA 4. For any basic interval I C Y and for almost all y E Y 
there exists an increasing sequence (4,; 1 k E fl} of positive integers (depending 
on I C Y and y E Y) such that 
where xl denotes the characteristic function of the set I. 
Proof. We let I = {y E Y / i,(y) = (al ,..., a,)) be a basic interval 
determined by the n block (al ,..., a,). Next we pick a point 
y = (el ,,Q ,...) E Y, let s = CF=“=, ai , and choose a positive integer 
q E J(y) such that 
(3.20) 
We note that (3.20) says that the n, segment i,,(y) = (Q ,..., Qof 
the point y contains at least s ones and at least (n - s) zeros. Clearly 
?I > n, and for. all y E Y we can always find such ah ni E J( y) satisfying 
13.20). Moreover, (3.20) is satisfied with n, replaced by any positive 
integer p E J( y) with p > n, . Therefore, by (3.1) we choose any 
507/9/I-5 
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increasing sequence {fiIc / k > l> of positive integers 
n, < n2 < n3 < e-e, and let 
Fk 
sk = 1 ci for k E N. 
i=l 
We then have by (3.5) and (3.6), for every k, each 
nk blocks (b, ,..., b,>) with s, ones and (nk - s,J zeros _ ._. 
of the possible 
(and there are 
exactly qk = (r;) of them) will appear as the nk segment of the point 
Sjy for some j with 1 < j ,( qk ; furthermore, among the points 
{Sjy 1 1 < j < qk} there are exactly r k = (2::) points whose n segments 
equal (aI ,..., a,). Therefore, 
in J(y) with 
1 /Pk 2 xdsjY> = Yk/!lk = (:“, 1,” j/y y; j 
i=l 
and by (3.2) and (3.19), for almost all y E Y 
= p+? (Sk/nk)q(nk - Sk)/nky-s = (1 - /3)SB”-” = m(I), 
which completes the proof of the Lemma. 
To show that S is ergodic, we note that since S is a measure-preserving 
transformation, Birkhoff’s ergodic theorem implies that for any basic 
interval I C Y and for almost all y E Y 
fii i E x,(Szj) exists. 
I=1 
Lemma 4 then says that this limit must equal m(I). The dominated 
convergence theorem then implies that for any B E Br and any basi{ 
interval I C Y we have 
ki2 A i m(SiB n I) = j, $+t 1, ,i a@“~) dm = m(l) m(B)s (3.21' 
2=1 t=l 
Since the class 9 is dense in gr we conclude from (3.21) that 
lj~& $ m(SBnA)= m(B)m(A) for all A,BE.SY~, 
2=1 
and this shows that S is an ergodic transformation defined on (Y, gy , m)i 
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VI. T is an Ergodic Transformation on (X, 99, m) 
Suppose f is a measurable function defined on (X, g’, m) such that 
f(Tx) = f(x) a.e. From the definition of S it follows thatf(sy) = f(y) 
for almost all y E Y. Since we know that 5’ is an ergodic transformation 
on (Y, By, m) we have f = c, a constant, for almost all y E Y, or 
equivalently for almost all ( y, 0) E (Y, 0). 
For each n E Z the ergodicity of QnSQ-” defined on the set (Y, n) 
will imply similarly that f = c,, , a constant, for almost all ( y, n) E (Y, n). 
From (3.17) then we conclude c, = c for all n E Z; i.e., f = c for almost 
all x E X; and this shows that T is an ergodic transformation defined 
on the measure space (X, a, m). 
Finally we summarize the above discussion together with Lemmas 2 
and 3 of the previous section in the following theorem: 
THEOREM 2. For any positive number 01 there exists an ergodic measure- 
preserving transformation T defined on the o-finite measure space (X, LAY’, m) 
with m(X) = KI such that T E Ia( T). Furthermore, T satisfies Condition I 
in case 01 # 1. 
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